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Abstract 

Motivated by recent work on rotating black hole shadow [Phys. Rev. D101, 084029 (2020)], we 
investigate the shadow behaviors of rotating Hayward-de Sitter black hole for static observers at a 
finite distance in terms of astronomical observables. This paper uses the newly introduced distortion 
parameter in [arXiv:2006.00685] to describe the shadow’s shape quantitatively. We show that the spin 
parameter would distort shadows and the magnetic monopole charge would increase the degree of 
deformation. At the same time, the distortion could be relieved because of the cosmological constant 
and the distortion would increase with the distance from the black hole. Besides, the spin parameter, 


magnetic monopole charge and cosmological constant increase will cause the shadow to shrink. 
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I. INTRODUCTION 


According to General Relativity (GR), the most interesting celestial body predicted may 
be black holes. There is a strong gravitational field in the region near a black hole that can 
bend light rays. Due to the highly bending light rays in the strong gravity field, shadows cast 
by black holes usually appear in the observer’s sky i). The light rays received come from the 
black hole’s unstable photon orbits, or the photon region [El BJ. The first image of a black hole 
taken by Event Horizon Telescope (EHT) uj confirmed the existence of black holes, attracting 
more researchers to study the observable effects of the black holes, e.g., the shadows of black 


holes, gravitational deflection of light or massive particles and the like. 


For the simplest black hole, spherical black hole, the shadow 's boundary is a perfect circle. 
In the sixties of the last century, Synge considered a static observer to calculate the angular 
radius of the Schwarzschild black hole's shadow in his seminal paper 5. For rotating black 
holes, the shadow’s shape is no longer circular but somewhat flattened on one side because of 
the “dragging” of null geodesics by black holes. Bardeen first gave the shadow’s shape of the 
Kerr black hole for a distant observer; one can find the results in Chandrasekhar’s book iol 
and in (a. Since those pioneer works, shadows of objects have been extensively studied; one 


can refer to the Refs. Be]. 


Very recently, the authors of Refs. Pa bg] proposed a new method for calculating the 
size and shape of shadow in terms of astrometric observables for finite-distant observers and 
introduced a new distortion parameter to describe the shadow 's deviation from circularity. The 
shadows of the Kerr-de Sitter black hole for static observers were revisited in this way without 


introducing tetrads [28]. Furthermore, the appearance of the shadow of a static spherical black 


hole and the Kerr black hole was discussed in a unified framework bo]. 


This paper aims to apply this method to study the shadows of rotating Hayward-de Sitter 


black holes and examine the parameters’ effects on the shadow’s size and distortion. 


We organize this article as follows. In Sec. I, we review the method of calculating black 
hole shadows using astronomical observables briefly. In sec. [GI we apply this approach to 
rotating Hayward-de Sitter black holes to analyze the influences of parameters on the shadow's 


shape and size. We conclude our results in Sec. Iv In this paper we set G=c=1. 
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II. SHADOWS OF ROTATING BLACK HOLES 


In order to make this article self-sufficient, we briefly introduce some basics in this section. 
One can read Refs. ba, by] for details. 
In astrometry, the angle e between two incident light rays can be expressed by the following 


formula Bl 
Yuk w-k 
lyrwllyk]  (u-w)(u:k) 


1. (1) 


COS € = 


Here, k and w are tangent vectors of the two light rays, respectively. y* is the projection 
operator, yë = 0% + u”u,, for a given observer, whose 4-velocity is denoted by vector u. 


Generally speaking, the metric of a rotating black hole can be written as 
ds? = goodt? + gudr” + g22d0° + g33d¢? + Zgozdtdę. (2) 


The 4-velocity of a static observer is u = ag Or For the asymptotically de Sitter spacetime, 
there is a cosmological horizon. The observer is fixed at the so-called domain of outer com- 
munication that is the region between the event horizon and the cosmological horizon. When 


the observer located at 0 = 0, it will find that the shadow is a disk and the angular radius is 
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Here, we have choose a light ray I = (1°,1',1?,1°) comes from the photon region. “sgn 
represents the sign function. For a observer located at 6 > 0, the shadows silhouette is not 
a perfect circle as a consequence of the frame dragging effect. As an example, assume the 
observer located at 6 = r/2. Let k = (k°,k!,0,k?) represent a light ray from a prograde 
orbit which moves in the same direction as the black hole's rotation, and w = (w®, wt, 0, w”) 
represent a light ray from a retrograde orbit that moving against the black hole's rotation. 


One can get the angle of the two light rays, in such a way that 


2 
911 sa 903 1 
) (w ae (0x a 2) 


cot y = sgn(k, w > f (4) 
911 (9:3 = tis) 
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where K = k?/k!, W = w?/w', and sgn(k,w) = sgn (cos y) = sgn (gu + (933 — 9@3/900) KW). 
Similarly, the angle a between a light ray 7 = (1°, 1',/?, 1°) from the photon region and k 
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is 
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and the angle / between the light ray l and w is 
i 2 
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In above equations, Ly = 1? /l!, L3 = /// sgn(k,l) = sgn (cosa) = sgn (gu + (933 — 963/900) KL3), 


cot a = sgn(k, L) 


cot 8 = sgn(w, L) 


and sgn(w, I) = sgn (cos 8) = sgn (gu + (933 — 903/900) WL3). 

y, a and / can provide us the shadow of black hole in the celestial sphere. For the sake 
of convince in researching the shadow, one can use the following stereographic projection for 
the celestial coordinates to describe the shape of shadow in a 2D-plane [28]. 

_ 2sin®sin Vv 

~ 1+cos ®sin Y 

_ 2cos Bsiny — 2cotyy/sin* y sin? 8 + (cos(8 + 7) — cos a)(cos(8 — y) — cosa) 
1 + cos 8 cosy + ysin? ysin? B + (cos(8 + 7) — cosa)(cos(8 — y) — cos a) 


Yah 


(7) 


2 cos W 
1 + cos Ẹ sin W 
2 csc yx/ (cos a — cos(B + y))(cos(8 — 7) — cosa) (8) 
1 + cos 8 cosy + ysin? ysin? 8 + (cos(8 + 7) — cos a) (cos(8 — y) — cosa) 


Zsh = 


Here, ® and W are azimuth angle and polar angle in celestial coordinate system. 
In order to quantitatively describe shadow s shape, a distortion parameter = in terms of 


a, B and y is introduced, 


1 = = 
Cas + cos y — cos a — cos 8 (9) 


2,/(1 — cosa)(1 一 cos 7) 


where = ranges from 0 to r. The cos= = 0 for that shadow's shape is circular in the celestial 
sphere. For the non-vanished cos =, it can quantify the deviation from circularity. The authors 
of Ref. first proposed this kind of quantity for the shadow. Now, we can use y and = to 


represent the sizes and shapes of shadows without confusion. 
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III. APPLICATION IN ROTATING HAYWARD-DE SITTER BLACK HOLES 


In this section, we will apply this method described in the previous section to obtain the 
shadows of rotating Hayward-de Sitter black holes without introducing tetrads. 
The metric of rotating Hayward-ds Sitter black holes in the Boyer-Lindquist coordinates 


A, ; 29 2 5 > Nasi 29 2 2 2 
ds? ニー (a = =. i) Peete 025 ーー (oa =e ao) , (10) 
where 
2 roda A a 
X = rf +a’ cos’, p=1+30, (11) 
A A 
A, = (r° +a’) (1 ー or?) —2m(r)r, Ag=1+ 30 cos’ 0, (12) 


A r3 
Here, M represents the mass of black hole, a is the black hole spin parameter, A is cosmological 


constant, and the parameter g is the magnetic monopole charge arising from the nonlinear 


electrodynamics. 


A. Null geodesic equations and photon regions 


The motion equations of photons in the spacetime, determined by the metric (10), can 
be given by the Lagrangian, 
1 
L= gimt" i”, (14) 


where an overdot denotes the partial derivative with respect to an affine parameter. For the 


metric (1o), one can obtain the momenta (p, = gaż*) are 


a?Agsin?0 A,\. aQA,sin?@  a(a? +r?) Agsin?@\ , 
_ _ = 1 
p= (eS) (FAS ee (5 
aA,sin?6  a(a? +r”) Agsin*8) . (a? + ry Agsin?6 a?A,sin*@\ . 
Po = = t+ 2 ーー 2 の , (16) 
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X 
Pr = AJ" (17) 
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where p, = —E, pg = Ly denote energy and angular momentum, respectively. Combining the 
momenta and Hamilton-Jacobi equation, we can get null geodesics equations. 
The Hamilton-Jacobi equation takes the following general form: 


_95 1 „ôS as 
9a 27 DeO’ 


(19) 

where A is an affine parameter and S is the Jacobi action which can be decomposed as a sum, 
1 

S= -30A — Et + Lod + So (0) + Sr (r), (20) 


if S is separable. m is the mass of particle, which is zero for photons. From do) and (Ło). 


one can get 
ðS?  (Lypcscb — aE sin 6)? 
4 = 21 
Ae ( iS ) $ = Q, (21) 
and ; 6 
oS, ((a* +r?) E — gp7。) 
— ーー 22 
( Or ) Ar Q, (22) 


where Q is a constant of separation called Carter constant, and 059/0x* = p,. With the 


Hamilton-Jacobi equation, it is not difficult to get the null geodesic equations as 


(2 =R, (23) 
(26)? = 6, (24) 
, (a? + r?) (aż +r?—adp)  a(Xp— asin? 0) 
= 2 
Ni=E ( A, + me l (25) 
: a(a? +r?) 一 g の Ap (àp-— asin? 0) 
2 の = pE 26 
=e ( A, + Aesin76 |" (26) 
where 
RZE ((@ +77 = Ap) ー 7A。 ) (27) 
© = FE? (Agn — (Xpcscb — asin6)*), (28) 
and 
L Q 
= go = z (29) 
For spherical orbits, 
R(r.)=0 (30) 
and 
dR (r) = (31) 
dr leci 


must be satisfied, which lead to 


—4rA, + (a? +r?) A! 
A= r 32 
ap, = (32) 
1672A。 
= A! 2 ー 2 (33) 


where Av. denotes the derivative of A, with respect to r, and r, is the location of photon 


sphere. Furthermore, we can rewrite R” (re) as 


a= 


12 
A, 


I / 
R" (re) — 8E? G | 2rA, (A ra) 


(34) 


A spherical null geodesic at r = r, is unstable with respect to radial perturbations if R” (re) > 
0, and stable if R” (re) < 0. Unstable photon orbits determine the contour of shadow. The 
range of r, (photon region) can be determined by © > 0 from (24) and (ea), which is 

((4rA, — DA‘)? — 16a?r?A,Ag sin? 0) <0. (35) 


T=re 


From (Bd) and b5), we can get re < re < rep, where r,_ and re are the minimum and 
maximum radial position of the photon region. If limiting the light rays from the photon 


region, one can regard p” = x" as functions of xz”, E, and re. 


B. Sizes of shadow 


For 0 = 0, one can rewrite (B5) as 


(4rA, — (r? +07) Ai) = 0. (36) 


T=re 


This means that the photon region becomes photon sphere, and re = re- = re. Substituting 
the metric (O) and geodesic equations into (b. one can calculate the angular radius of the 


shadow in the following form, 


(a2 + r2 — adp? — nA, 
= 37 
> Ix + aAp (2a? + 2r? — adp)’ en 


where A and 7 are function of re. Here, we only consider shadow in the view of observers 


located outside of the photon region. 


ーーー A=0, g=0, a=0.3 
——— A=0.03,g=0.3,a=0.3 1 
ーーー 1=003,g=03,a=06 | 


60° 


A=0.03, g=0.3,a=0.9 + 


30° 


Figure 1. The angular radius v of shadow as a function of the distance from the rotating Hayward-de 
Sitter black holes for selected parameters, and the observers are located at inclination angle 0 = 0. 


The vertical dotted lines are the outer boundaries and the cosmological horizons. Here we set M = 1. 


In Fig. hl we plot the shadow's angular radius as a function of the distance from the black 
hole. The figures reflect that the photon sphere radius of the Schwarzschild black hole is the 
largest, and it’s shadow has the largest size among the shadows observed at the same position. 
Besides, no matter which of a, g, and L increases, the size of shadow will become smaller. 

The situation of the observer locates at the equatorial plane (0 = 7/2) will be more 
complicated. In this case, (ba) can be rewritten as 


(rA, — A) ー 16a*r*A, ) <0. (38) 


T=re 


Then one can obtain re- < re < rep. From (MY we get the angular diameter y, 


A? pVA,—-—a? 1 Dy 1 
ty= 1+————K 39 
ons aa a") | eat ese] © 
where 
cue (40) 
7 p” POr 
の 
w=% (41) 
p TE=Tc+ 
From (24) and (Ło), we get 
pó — @ — p (a? +a (r? — Ar) — a dp + AX の ) (42) 


MI An) (a +r2— aNp)” — A,n 


It is worth noting that A and 7 can be regarded as functions of re, so (42) is a function of r 


and r,. Fig. bl shows that the angular parameter y changes with the increase of the distance 
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from the black hole. It is not difficult to find that the angular parameter y decreases with the 
increase of a, A and g, and the outer boundary of the photon region re+ is larger than the 
radius of the photon sphere in Schwarzschild spacetime. Therefore, the size of the black hole 
shadow will decrease with the increase of a, A and g, and the shadow of the Schwarzschild 


black hole has the largest size. 
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Figure 2. The angular diameter y of shadow as a function of the distance from the rotating Hayward- 
de Sitter black holes for selected parameters, and the observers are located at inclination angle 0 = 0. 


The vertical dotted lines are the outer boundaries and the cosmological horizons. Here we set M = 1. 


C. Shadow’s shape 


In this part, we will consider the shadow’s shape in different situations. The observers 
located at inclination angle 6 = 0 would see the shadows as a perfect circle, while the observers 
located at 0 = 4 would find that the shadows are distorted. according to (5) and (6) „the 


angular distances a and 8 can be read as 


Ar 1 py Ara? 1 
AŻ pary Ez sia a oE 
cot a = sgn | 1 + —————K£3 = (43) 
(A, — a?) p 2 (A 2) p2 2 
と アー@ Å 
は 
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Ar + 1 T | の Ara? 1 
A? pVAr-@ zz gy | Ar  W-L3 
cot 8 = sgn ( + (A, = aż) の we = (44) 


where K and W are given by (kop, (m) and 


0 
p 
Lo=—| , 45 
= |. (45) 
の 
の 
L; = 一 | , 46 
| (46) 


with 


In Fig. hl we set g = 0 and get the same results as the Kerr(-de Sitter) black holes in 
Ref. pa. In Figs. kl and b we scale the shadows appropriately so that the degree of distortion 
of these shadows can be compared qualitatively. The upper parts of Figs. i and H are the 
shadows after scaling, with different parameters selected, and the lower parts are the images of 
the corresponding distortion parameters vary with ®/y, which are the quantitative description 
of the shadow’s distortion. In Fig. kl, the observers are not far from the photon regions of the 
black holes, and in Fig. b the observers are far away from the black holes. It is not difficult 
to find that the shadow's distortion will decrease as the cosmological constant increases. In 
contrast, the distortion will increase with an increase of g or a. 

In Fig. Ri we plot the shapes and distortion parameters of the shadows for observers 
at different distances from the center of the black hole. It can be seen that the distortion 
parameter would increase with distance. Through the above discussion, we know that when 
the parameters g and a of rotating Hayward-de Sitter black holes are maximum, and the 


cosmological constant is zero, the distortion of the shadow is the largest. 


IV. CONCLUSIONS AND DISCUSSIONS 


In this article, we calculated the size and shape of rotating Hayward-de Sitter black hole 
shadow for static observers at a finite distance in terms of astronomical observables. For 
0 = 0, the shadow's boundary is a perfect circle, but for 6 = 5, the shadow's boundary 
will be distorted. To quantitatively describe the distortion of the shadows, we plotted the 
distortion parameter affected by the black hole's parameters, quantifying the distortion of the 
shape from circularity. We found that no matter which parameter increases, the size of the 


shadow will shrink. At the same distance, a Schwarzschild black hole has the largest shadow. 
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Figure 3. Shadows of rotating Hayward-de Sitter black holes with g = 0 on projective plane (Y, Z) for 
selected parameters. r is the distance from the observer to the black holes. Here we set M = 1. (a) 
Shadows of rotating Kerr(-de Sitter) black holes for selected spin parameters for distant observers. 


(b) Shadows of rotating Kerr-de Sitter black holes for observers located at r = 4. 


Furthermore, the parameters g and a of rotating Hayward-de Sitter black holes are maximum, 


and the cosmological constant is zero, the distortion of the black hole shadow is the largest, 


and the distortion parameter would increase with distance. 
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Figure 4. The shape of shadows and corresponding distortion parameters = as function of 7 for 
selected different parameters for observers located at r = 4. Here we set M = 1. (a) Shadows and 
distortion parameters of rotating Hayward-de Sitter black holes of selected different cosmological 
constants. (b) Shadows and distortion parameters of rotating Hayward-de Sitter black holes of 
selected different magnetic monopole charges. (c) Shadows and distortion parameters of rotating 


Hayward-de Sitter black holes of selected different the spin parameters. 


We only considered static observers fixed at inclination angle 6 = 0 and 6 = 5, but this 
method is suitable for arbitrary observers. Studying the shadows of black holes is an important 
way for studying the properties of black holes, from which one can obtain rich information 


about space-time geometry. 
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Figure 5. The shapes of shadows and corresponding distortion parameters = as function of 2 for 
selected different parameters for distant observers. Here we set M = 1. (a) Shadows and distortion 
parameters of rotating Hayward black holes of selected different spin parameters for observers located 
at r = 40. (b) Shadows and distortion parameters of rotating Hayward black holes of selected different 
magnetic monopole charges for observers located at r = 40. (c) Shadows and distortion parameters 
of rotating Hayward-de black holes of selected different spin parameters for observers located at 
r = 6.31. (d) Shadows and distortion parameters of rotating Hayward-de black holes of selected 


different the magnetic monopole charges for observers located at r = 6.31. 
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Figure 6. The shapes of shadows and corresponding distortion parameters = as function of 2 for 


observers at selected position r. 
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